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New Schemes for Self-Consistent Calculations with
Applications to the Kohn-Sham Hamiltonian
In order to study the time-dependent behaviour of electrons, we have $\mathrm{t}\dot{\mathrm{o}}$ solve
the following Sdu\"odinger equation
$i \hslash\frac{\partial}{\partial t}\psi(t)=H(t)\psi(t)$ . (3.1)
Even for atime-.ndependent Hamiltonian $H=K+V$ (where $K$ denotes a







and $\psi(t)$ is the solution of the equation
$i \hslash\frac{\partial}{\partial t}\psi(t)=H\kappa \mathrm{s}(t)\psi(t)$ . (3.4)
Thus, this is aself-consistent equation on the wave function $\psi(t)$ through the
equations (3.2) and (3.3).
Asophisticated scheme to sovle this nonlinear Schr\"odinger equation was
proposed by Sugino and $\mathrm{M}\mathrm{i}\mathrm{y}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{o}^{8)}$ using the higher-Order Suzuki-Trotter
type split method. For details, see their original paper.
In the present paper, we propose asimple systematic higher-Order scheme
to solve this problem. As was explained in the previous section, the formal
solution of Eq. (3.4) is expressed by the time-Ordered exponential
$\psi(t)=\exp_{+}\int_{t_{0}}^{t}H_{\mathrm{K}\mathrm{S}}(s)ds\cdot\psi(t_{0})$
$= \exp_{+}\int_{t_{\mathrm{O}}}^{t}(K+V(\rho(s)))ds\cdot\psi(t_{0})$. (3.5)
This can be approximated by the following product formula
$\lim_{narrow\infty}u_{2}^{\mathrm{Y}}(t,t-\Delta t)u_{2}(t-\Delta t,t-2\Delta t)\cdots u_{2}(t_{0}+\Delta t,t_{0})\cdot\psi(t_{0}^{})$ (3.6)
with $\Delta t=(i-t_{0})/n$ and
$u_{2}$ ($t,t-$. \Delta t)=e Ke\Delta t V$(\rho(t-\Delta t/2))$ K (3.7)
As was discussed by Sugino and $\mathrm{M}\mathrm{i}\mathrm{y}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{o}^{8)}$ , the complication appears here
in that the potential $V$ in Eq. (3.7) contains the electron density $\rho(t-\Delta t/2)$
at the time $t-\Delta t/2$ . However, we remark here that we do not have to solve
this nonlinear equation self-consistently, but that we can solve this equation
as follows. The keypoint here for this problem is to note that it is sufftcient
upto the second order of $\Delta t$ to calculate $\rho(t-\Delta t/2)$ in Eq. (3.7) upto the
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first -Order of at, namely
$\rho(t-\Delta t/2)=|U_{1}(t,t-\Delta t/2)\psi(.t-\Delta t)|^{2}$ . (3.8)
Here, $\psi(t-\Delta t)$ should be calculated, at least, upto the first-Order of $\Delta t$ and
$U_{1}(t-\Delta t/2)=\mathrm{e}^{*K}\mathrm{e}^{*V(\rho(t-\Delta t))}$ . (3.9)
This procedure can be repeated step by step from the time $t_{0}$ to the time $t$ .
Thus, this is anew $\mathrm{s}\mathrm{e}\omega \mathrm{n}\mathrm{d}$-order scheme to solve the Kohn-Sham theory. Sim-
ilarly, the $n$-th order scheme is constructed using the $(n-1)$-th order density
matrix, which can be calculated using the $(n-2)$-th order split fomula and
so on.
There is another scheme to solve the nonlinear problem by interpreting
$H\kappa \mathrm{s}(\rho(t))$ as anonlinear maping of $\rho(t)$ with $\rho(t)=|\psi(t)|^{2}$ , as in solving
nonlinear dynamics of classical Hamiltonian $\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}\mathrm{s}^{25,26)}$ .
Explicit applications of these new schemes will be published elsewhere.
The author would like to thank Professor D. P. Landau for stimulating
and encouraging discussions for long years, and also thank Dr. H. Kobayashi
for useful discussion.
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